We show a constrained Hamiltonian system and a gauged sigma model have a structure of a momentum section and a Hamiltonian Lie algebroid theory recently introduced by Blohmann and Weinstein. We propose a generalization of a momentum section on a pre-multisymplectic manifold by considering gauged sigma models on a higher dimensional manifold. *
Introduction
Recently, relations of physical systems with a Lie algebroid structure and its generalizations have been found and analyzed in many contexts. For instance, a Lie algebroid [18] appears in T-duality, topological sigma models, quantizations, etc.
Blohmann and Weinstein [1] have proposed a generalization of a momentum map and a Hamiltonian G-space on a Lie algebra (a Lie group) to Lie algebroid setting, based on analysis of the general relativity [2] . It is called a momentum section and a Hamiltonian Lie algebroid This structure is also regarded as reinterpretation of compatibility conditions of geomeric quantities such as a metric g and a closed differential form H with a Lie algebroid structure, which was analyzed by Kotov and Strobl [17] .
In this paper, we reinterpret geometric structures of physical theories as a momentum section theory, and discuss momentum sections naturally appear in physical theories. Moreover, from this analysis, we will find a proper definition of a momentum section on a premultisymplectic manifold.
We analyze a constrained Hamiltonian mechanics system with a Lie algebroid structure discussed in the paper [15] , and a two-dimensional gauged sigma models [14] with a two-form b-field and one dimensional boundary. In a constrained Hamiltonian mechanics system, we consider a Hamiltonian and constraint functions inhomogeneous with respect to the order of momenta. Then, a zero-th order term in constraints is essentially a momentum section.
In a two dimensional gauged sigma model, a pre-symplectic form is a b-field, and a one dimensional boundary term is a momentum section. Two examples are very natural physical systems, thus, we can conclude that a momentum section is an important geometric structure in physical theories.
Recently, a two-dimensional gauged sigma model with a two-form b-field with three dimensional Wess-Zumino term [14] is analyzed related to T-duality in string theory [4, 5, 7, 8, 9, 10] . For such an application, it is interesting to generalize a momentum section in a pre-multisymplectic manifold.
In this paper, we consider an n-dimensional gauged sigma model with n + 1-dimensional Wess-Zumino term. The Wess-Zumino term is constructed from a closed n + 1-form H, which defines a pre-n-plectic structure on a target manifold M. For gauging, we introduce a vector bundle E over M, a connection A on a world volume Σ and a Lie algebroid connection ω on a target vector bundle E. Consistency conditions of gauging give geometric conditions on a series of extra geometric quanties η (k) ∈ Ω k (M, ∧ n−k E * ) (k = 0, · · · , n − 2). From this analysis, we propose a definition a momentum section on a pre-multisymplectic manifold. This definition comes from a natural physical example, a gauged sigma model. We see that our definition of a momentum section on a pre-multisymplectic manifold is a generalization of a momentum map on a multisymplectic manifold [6, 12] . This paper is organized as follows. In Section 2, we explain definitions of a momentum section and a Hamiltonian Lie algebroid. In Section 3, we show a constrained Hamiltonian system has a momentum section. In Section 4, we discuss a two dimensional gauged sigma model with boundary and show a boundary term gives a momentum section. In Section 5, we consider gauging conditions of an n-dimensional gauged sigma model with a WZ term and propose a generalization of a momentum section on a pre-multisymplectic manifold. Section 6 is devoted to discussion and outlook.
Momentum section and Hamiltonian Lie algebroid
In this section, we review a momentum section and a Hamiltonian Lie algebroid introduced in [1].
Lie algebroid
A Lie algebroid is a unified structure of a Lie algebra, a Lie algebra action and vector fields on a manifold. 
A bundle map ρ is called an anchor map. 
Lie algebroid differential
We consider a space of exterior products of sections, Γ(∧ • E * ) on a Lie algebroid E. Its element is called an E-differential form. We can define a Lie algebroid differential
where α ∈ Γ(∧ m E * ) and e i ∈ Γ(E).
It is useful to describe Lie algebroids by means of Z-graded geometry [22] . A graded manifold M with local coordinates x i , (i = 1, · · · , dimM) and q a , (a = 1, · · · , rankE) of degree zero and one, respectively, is denoted by M = E[1] for some rank r vector bundle E, where the degree one basis q a is identified by a section in E * , i.e., we identify Γ(E[1]) ≃ Γ(∧ • E). The most general degree plus one vector field on M has the form:
Let e a be a local basis in E dual to the basis corresponding to the coordinates q a . Then the data in Q define an anchor map ρ and a bracket by means of ρ(e a ) := ρ i a ∂ i and [e a , e b ] := C c ab e c . One can verify that these satisfy the definition of a Lie algebroid, iff
Identifying functions on C ∞ (E [1] ) ≃ Γ(Λ • E * ), Q corresponds to a Lie algebroid differential E d. In remains of the paper, we identify C ∞ (E [1] ) ≃ Γ(Λ • E * ), and Q to E d.
Momentum section
In this section, a momentum section on a Lie algebroid E is defined [1] . For definition, we suppose a pre-symplectic form B ∈ Ω 2 (M) on a base manifold M, i.e., a closed 2-form which is not necessarily nondegenerate. A Lie algebroid (E, ρ, [−, −]) is one over a pre-symplectic manifold (M, B).
We introduce a connection (a linear connection) on E. i.e., a covariant derivative D : In order to define a momentum section, we consider an
where e ∈ Γ(E) and v ∈ X (M). Here −, − is a natural pairing of T M and T * M. We introduce the following three conditions for a Lie algebroid E on a pre-symplectic manifold (M, B).
(H1) E is a presymplectically anchored with respect to D if
for all sections e 1 , e 2 ∈ Γ(E). We note these conditions have already appeared in [17] as compatibility conditions of geometric quantities as a metric and a closed differential form with a Lie algebroid structure.
A Hamiltonian Lie algebroid is defined as follows. A bracket-compatible D-momentum section, i.e., conditions (H2) and (H3) are sufficient in our examples in later section. We see that the condition (H1) is not necessarily needed for consistency of a momentum section. Suppose B is nondegenerate, i.e., B is a symplectic form. Consider an action Lie algebroid on E = M × g. It means that an infinitesimal Lie algebra action is given by a bundle map
Lie algebra case: momentum map
The bracket in left hand side is a Lie bracket of vector fields. In this case, we can take a zero connection, D = d. Then, three axioms of a momentum section reduce to the following equations.
(H1)
This means that ρ(e) is a symplectic vector field.
(H2) A section µ ∈ Γ(M × g * ) is regarded as a map µ : M → g * . µ(s). Equation (7) is that a map µ is a Hamiltonian for the vector field ρ(e),
Equation (11) leads Equation (10).
(H3) dµ = γ, i.e. dµ = −B(ρ, −). Equation (8) is equivalent to ad * e 1 µ(e 2 ) = µ([e 1 , e 2 ]).
for e 1 , e 2 ∈ g. This means that µ is g-equivariant.
Independent conditions are (11) and (12) , which are the definition of a momentum map.
Constrained Hamiltonian system
We discuss examples of physical systems which have momentum sections and Hamiltonian Lie algebroid structures. In this section, we consider a constrained Hamiltonian mechanics system in 1 + 0 dimension analyzed in [15] .
Let (N = T * M, ω can ) be a symplectic manifold over a smooth manifold M, where ω can is a canonical symplectic form on N. We take Darboux coordinates (x i , p i ) such that ω can = dx i ∧ dp i . On this symplectic manifold, we consider a dynamical system. Assume a Hamiltonian H ∈ C ∞ (N), and r constraint functions Φ a = Φ a (x, p), satisfying the following compatibility condition:
where {−, −} is the Poisson bracket induced by the symplectic form ω can . Moreover, suppose constraint functions are of the first class, i.e., they satisfy
for some functions C c ab = C c ab (x, p) on N. We assume that constraints Φ a (a = 1, · · · , r) are irreducible, i.e., ϕ *
holds true and the matrix (M a b ) r a,b=1 is invertible when restricted to C. We take setting of the paper [15] . We require the canonical symplectic form ω can = dx i ∧dp i globally. Then, there is a natural grading of functions with respect to the monomial degree in the momenta p i . A space of order i functions is denoted by C ∞ i (T * M).
As a typical example which appears in physical applications, we consider the case of
and
Here ρ i a (x), α a (x), g ij (x), β i (x) and V (x) are local function of x. We show that this Hamiltonian mechanics system has a momentum section and a Hamiltonian Lie algebroid structure.
Lie algebroid structure on constraints
First we see equation (14) with (16) . As explained in [15] , this equation requires an (anchored almost) Lie algebroid structure. Counting an order of p i in the equivalence condition (15) 
for e 1 , e 2 ∈ Γ(E).
Next we apply (14) to the Jacobi identity
from the irreducibility condition on the constraints and the above identity, we may deduce (squared brackets imply skewsymmetrization in the intermediary indices),
for some functions σ d abc skewsymmetric in the lower indices and σ d abc ρ i d = 0. If the anchor map ρ is assumed injective, we have σ d abc = 0 and
It is now straightforward to verify that Equations (18) and (21) 
We can take a more general algebroid satisfying σ d abc ρ i d = 0 such as a Courant algebroid. We leave such cases to other analysis.
The second term α a in Φ a is considered as components of an E-1-form, α = α a (x)e a ∈ Γ(E * ), where e a is a basis on E * . The Poisson bracket (14) is equivalent to the condition on
On the other hand, α is determined by (16) only up to additions of the form
, for a function f on M, which does not modify the symplectic form. Since such additions to α are the E d-exact ones, we see that zeroth order deformations of p in first class constraints (16) are parametrized by the Q-cohomology of the Lie algebroid at degree one,
Equation (14) and injective assumption for ρ gives a Lie algebroid structure on E and Equation (31).
Hamiltonian, metric and connection
In this section, we explain geometric structures induced from the Hamiltonian (17) and the Poisson bracket (13) discussed in [15] . Suppose that in (17) the symmetric matrix g ij has an inverse. Then a symmetric tensor g ij corresponds to an inverse of a metric g on M.
Counting order of p in Equation (13), λ b a is a 1st order function of p, thus it is assumed that given by equivalence of Φ a , ω b a = ω b aj dx j transforms as a connection 1-form on E and τ b a as a section τ ∈ Γ(End(E)).
We can absorb the term linear in the momenta in the Hamiltonian, β i → 0, at the expense of redefining the potential V and the E-1-forms α and simultaneously twisting the symplectic form ω can by a magnetic field B = dA ∈ Ω 2 (M) as
where A i = g ij β j and A = A i (x)dx i . The globally defined 2-form B = dA is obviously regarded as a pre-symplectic form since dB = 0.
By the above redefinition, constraints and the Hamiltonian become
Here, α ′ is an E-1-form defined by α ′ , e = α, e − ι ρ(e) A for all e ∈ Γ(E), and V ′ is defined by V ′ (x) = V (x) − 1 2 g(β, β). Equations (14) and (13) change but are similar equations,
where
After the above redefinition, we show that geometric structure described by equations (29) and ( 
since the new symplectic form ω gives the Poisson bracket {p i , p j } = B ij . Here ρ * is the induced map of the anchor to Ω • (M), mapping ordinary differential forms to E-differential forms. In particular, ρ * (B) = 1 2 B ij ρ i a ρ j b q a q b ∈ Γ(Λ 2 E * ). Equation (31) is the same as Equation (8) 
where v ∈ X (M) and e ∈ Γ(E).
Equation (30) then gives three conditions by considering it to second, first, and zeroth order in the momenta. To second order, we obtain the geometrical compatibility equation,
on the metric g.
To first order, we get another condition on the system of constraints, It relates the exterior covariant derivative of α ′ induced by D, Dα ′ ∈ Γ(E * ⊗ T * M), to the anchor map ρ, now regarded as a section of E * ⊗ T M:
where γ ∈ Ω 1 (M, E * ) is a 1-form taking a value on E * appeared in the definition of a momentum section, τ ′t : E * → E * , the transposed of τ ′ , and g ♭ :
as maps on the corresponding sections. To zeroth order one finds that the potential V ′ has to satisfy
If τ ′ = 0, Equation (34) becomes
which is the condition (H2), i.e., Equation (7), since µ = α ′ . The condition τ ′ = 0 is τ = g(ω, A). The remaining condition of a momentum section is the condition (H1), i.e.
Equation (6), which is equivalent to E ∇B = 0. Therefore, we obtain the following result:
We consider the constraint Hamiltonian system with constraints (16) and a
Hamiltonian (17) . Then, B = d(g(β, −)) is a pre-symplectic form. If ρ is injective and In τ ′ = 0 case, this constrained Hamiltonian has a generalization of a momentum section. To see a geometric structure is interesting as a generalization.
Two-dimensional sigma model with boundary
In this section, we consider a next example, a two dimensional sigma model. If abase manifold is in two dimensions and with boundary, a momentum section naturally appears.
Let Σ be a two dimensional manifold and M be a d-dimensional target manifold. X : Σ → M is a smooth map from Σ to M. We start at the following sigma model action with a 2-form B-field,
where g is a metric and b ∈ Ω 2 (M) is a closed 2-form on M. g ij (X) and b ij (X) are their pullbacks to Σ. This action is invariant under diffeomorphisms on a worldsheet Σ and on a target space M.
We analyze a general condition that the action S is invariant under other symmetries on M. In a general setting, an element of a vector space V , or more generally, a section of the vector bundle E on M, e ∈ Γ(E) acts on M as an infinitesimal transformation generated by a vector field. A transformation is determined by defining a bundle map to a tangent bundle, ρ : E → T M. Suppose that ρ define an infinitesimal gauge transformation of X as
where i = 1, 2, · · · , d are indices of local coordinates on M, ǫ ∈ Γ(X * E) is a parameter (a gauge parameter), and ρ(e a ) = ρ i a (X)∂ i by taking a basis of E, e a . By straight computations, the action (37) is in invariant under the transformation (38), iff L ρ(ea) g = 0, (39)
where L is a Lie derivative and β a ∈ Ω 1 (M, E * ) is a 1-form taking a value on E * . A vector field ρ(e a ) satisfying Equation (39) is called a Killing vector field. From Equation (41), a vector bundle is an anchored almost Lie algebroid.
In this paper, E is a Lie algebroid. In this case, the action S is invariant if Equations (39) and (40) are satisfied.
Gauged sigma model
We can generalize the above theories by gauging the action (37). 'Gauging' is a deformation of the action using a connection 1-form A ∈ Ω 1 (Σ, X * E).
A pullback of a basis of a 1-form on M, dX i , is 'gauged' using a covariant derivative with respect to a connection A as
We can assume A a has a genuine infinitesimal gauge transformation,
however, C a bc = C a bc (X) is not necessarily constant but a local function on M. We consider a target space covariant version of the gauge transformation by introducing (a pullback of) a connection on M, ω a bi (X): b
In summary, we choose gauge transformations,
b We can consider a more general ansatz of a gauge transformation as δA a = dǫ a + C a bc A b ǫ c + ∆A a , where ∆A a is a 1-form taking a value on a pullback of E, which is linear with respect to the infinitesimal parameter ǫ a . [8, 9, 10] where we do not assume that ρ is an anchor map of a Lie algebroid, nor C is not a structure function yet. A transformation for DX is
The action (37) is generalized to a gauged sigma model action by 'gauging' the symmetry to infinitesimal transformations (45) and (46). Since the manifold Σ has boundary, we take the following ansatz for a gauged sigma model action:
where the last two terms are the most general possible boundary terms with some arbitrary local functions η i (X) and µ a (X). η i (X)dX i is a pullback of a 1-form on a target space M and µ a (X) is a pullback of an element Γ(E * ) on a target space M. Requiring (48) is invariant under gauge transformations (45) and (46), we obtain geometric conditions for a metric g, a 2-form B and ρ and a bracket [−, −]. We obtain the following conditions for the metric, ρ and a bracket, Next we analyze a condition for a two-form b-field b. Using db = 0, the gauge transfor-
Thus, requirement of gauge invariance of the total action δS = 0 gives the conditions including quantities of boundary terms. In local coordinates, straight computations give three equations,
The first condition (52) is µ(e) = −ι ρ(e) η for e ∈ Γ(E), the second and third conditions (53) and (54) are equivalent to (H2) and (H3), where we identify B = b + dη. Thus, we obtain the following result. it is pre-symplectically anchored.
Momentum section on pre-multisymplectic manifold
In this section, we propose a generalization of a momentum section to a pre-multisymplectic manifold. Our strategy is to generalize a gauged sigma model in Section 4. We generalize a two-form b-field b to a higher form H and a two dimensional manifold Σ to a higher dimensional manifold. We naturally obtain a generalization of a momentum section from consistency of these gauged sigma models.
Gauged sigma model in n dimensions with Wess-Zumino term
We can consider the following sigma model action with a Wess-Zumino term by introducing a closed n + 1-form H:
where Σ is a n-dimensional manifold and X n+1 is a n + 1-dimensional manifold with boundary Σ = ∂X n+1 . X is a map X : X n+1 → M and g is a metric on M. H(X) = 1 (n+1)! H i 1 ···i n+1 (X)dX i 1 ∧ · · · ∧ dX i n+1 in the second term called a flux is a pullback of a n + 1-form H on M.
If we analyze invariance conditions of S under the transformation (38) of X as in Section 4, we have a similar condition,
[ρ(e a ), ρ(e b )] = ρ([e a , e b ]),
where β is an n-form taking a value on E * . Equation (58) require an anchored almost Lie algebroid structure on a target vector bundle E. Now we consider the case that E is a Lie algebroid for (58) again. We consider gauging of an n-dimensional sigma model (55) by introducing a connection A ∈ Ω 1 (Σ, X * E) and gauge transformations (45) and (46). We take a Hull-Spence type ansatz [14] for a gauged action, but in our case a gauge structure is not a Lie algebra but a Lie algebroid. The ansatz is
where η (k) is a pullback of a k-form on M taking a value on ∧ n−k E * , i.e., η (k) ∈ X * Ω k (M, ∧ n−k E * ).
We require gauge invariance of the above gauged action. As in the previous section, the condition of g is
For H and η (k) , we obtain the following conditions, η (k−1) (e k , · · · , e n ) = (−1) k ι ρ(e k ) η (k) (e k+1 , · · · , e n ) + Cycl(e k , · · · , e n ),
ι ρ(e k ) η (k) (e k+1 , e k+2 , · · · , e n ) + ι ρ(e k+1 ) η (k) (e k , e k+2 , · · · , e n ) = 0, (65)
where H = H + dη (n) and e i ∈ Γ(E), (i = k, · · · , n). Note that we used δS H = X n+1 L ρ(ǫ) H = Σ ι ρ(ǫ) H since dH = 0. For n = 1, Equations (64)-(68) reduce to conditions of a momentum section (H2) and (H3) by setting µ = η (0) , γ = η (1) and B = H. For n = 2, Equations (64)-(68) give gauging conditions of target geometry in [9] .
It is natural to impose the following condition corresponding to the condition (H1),
However, we do not need this condition for gauge invariance of a gauged sigma model.
We can reach the following definition of a multimomentum section on a pre-mutlisymplectic manifold. Here, we use the same notation for an element on M and E and its pullback by
Let (M, H) be a pre-n-plectic manifold, where H is a closed n + 1-form, and (E, ρ, [−, −]) be a Lie algebroid over M. We define the following three conditions corresponding to (H1), (H2) and (H3).
(HM1) E is a pre-n-plectically anchored with respect to D if
where γ = ι ρ H. Under this definition, we can consider the same definition for a weakly Hamiltonian Lie algebroid, Definition 2.2, and a Hamiltonian Lie algebroid, Definition 2.3, but a momentum section is a set of multimomentum sections η (k) on a pre-multisymplectic manifold.
We summarize a geometric structure of a gauge sigma model with a n + 1-form flux H using the terminology of multimomentum sections.
Theorem 5.1 We consider an n-dimensional gauged sigma model with WZ term, (59). Then, η (k) ∈ Ω k (M, ∧ n−k E * ), k = 0, · · · , n − 1 are a bracket compatible D-multimomentum section with a pre-n-plectic form H = H + dη (n) . If H satisfies (HM1), it is pre-symplectically anchored.
Momentum map on multisymplectic manifold: Lie algebra case
Let a Lie algebroid be an action Lie algebroid E = M × g. Then, we can take a trivial connection d = D, and a momentum section on a pre-n-plectic manifold reduces to a (multi)momentum map on a presymplectic manifold.
Conditions (64)-(68) reduce to η (k−1) (e k , · · · , e n ) = (−1) k ad * e k η (k) (e k+1 , · · · , e n ) + Cycl(e k , · · · , e n ),
ad * e k η (k) (e k+1 , e k+2 , · · · , e n ) + ad * e k+1 η (k) (e k , e k+2 , · · · , e n ) = 0,
dη (n−1) = ι ρa H, (k = n) (73) dη (k−1) (e, e k+1 , · · · , e n ) = ad * e η (k) (e k+1 , · · · , e n ) − n i=k (−1) i−1 η (k) ([e, e i ], e k+1 , · · · ,ě i , · · · , e n ), (k = 1, · · · , n − 1)
ad * e η (0) (e 1 , · · · , e n ) = n i=1 (−1) i−1 η (0) ([e, e i ], e 1 , · · · ,ě i , · · · , e n ).
(k = 0)
A pre-multisymplectically anchored condition Equation (69) is trivially satisfied from Equation (73),
This condition already appeared in [17] .
The above conditions are a direct generalization of a momentum map (multimomentum map) on a multisymplectic manifold with a Lie group action [6, 12] by setting η (k) = 0 for k = 0, · · · , n − 2. In this case, η (n−1) is a multimomentum map.
Discussion and Outlook
We have showed that a simple constrained Hamiltonian mechanics and a two dimensional gauged sigma model with boundary have a momentum section and a Hamiltonian Lie algebroid structure. By generalizing a gauged sigma model to a higher dimensional gauged sigma model with WZ term, we have proposed a theory of a multimomentum section on a pre-multisymplectic manifold.
It is important to compare other generalizations of a moment map theory to a multisymplectic manifold such as Madsen-Swann's multimoment map on the n-th Lie kernel [20, 21] , a homotopy moment map [11] , and a weak moment map [13] .
In all examples in our paper, the pre-symplectically anchored condition (H1) is not necessary for consistency of structures. We can imagine conditions (H2) and (H3) are essential for physical applications. More examples are needed for deeper understanding of a momentum section theory.
We have assumed an anchor map ρ is injective in this paper. However we should relax this condition. If an anchor map ρ is not necessarily injective, we can consider more general algebroid such as a Courant algebroid [19] , a Lie 3-algebroid [16] , and higher algebroids, as a symmetry of a gauged sigma model. This direction is related to a Lie group action on a Courant algebroid and the reduction [3] . These generalizations are left for future analysis.
We considered an infinitesimal version, i.e., an action of a Lie algebroid on a pre-(multi) symplectic manifold. A globalization to a Lie groupoid corresponding to a generalization of a Lie group action is a next problem. Since a momentum section and a Hamiltonian Lie algebroid structure is a natural structure on a gauged sigma model, we can hope to obtain new physical results from analysis of a Hamiltonian Lie algebroid.
